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1 Pairs of quadrati hamiltonians
In papers [1, 2, 3, 4, 5, 6, 7℄ the problem of the ommuting pairs of Hamiltonians quadrati
in momenta was onsidered.
Consider pair of Hamiltonians in the form
H = ap21 + 2bp1p2 + cp
2
2 + dp1 + ep2 + f, (1.1)
K = Ap21 + 2Bp1p2 + Cp
2
2 +Dp1 + Ep2 + F, (1.2)
ommuting with respet to standart poisson braket {pα, qβ} = δαβ. The oeients in
formulas (1.1),(1.2) - some (loally) analitial funtions of the variables q1, q2.
Theorem 1.Any pairs of ommuting Hamiltonians (1.1)-(1.2) an be anonially transformed
by
Pˆ1 = P1 +
∂F (s1, s2)
∂s1
, Pˆ2 = P2 +
∂F (s1, s2)
∂sq2
to the pair of the form
H =
U1 − U2
s1 − s2 , K =
s2 U1 − s1 U2
s1 − s2 , (1.3)
where
U1 = S1(s1)P
2
1 +
√
S1(s1)S2(s2)Zs1
(s1 − s2) P2 −
S1(s1)Z
2
s1
4(s1 − s2)2 + V1(s1, s2),
U2 = S2(s2)P
2
2 −
√
S1(s1)S2(s2)Zs2
(s1 − s2) P1 −
S2(s2)Z
2
s2
4(s2 − s1)2 + V2(s1, s2),
(1.4)
V1 =
1
2
√
S1(s1) ∂q1
(√
S1(s1))
Z2s1
s1 − s2
)
+ f1(s1),
V2 =
1
2
√
S2(s2) ∂q2
(√
S2(s2))
Z2s2
s2 − s1
)
+ f2(s2)
(1.5)
for some funtions Z(s1, s2), Si(si) and fi(si). Poisson braket {H,K} equals to zero if and
only if
Zs1,s2 =
Zs1 − Zs2
2(s2 − s1) (1.6)
and (
Zs1
∂
∂s2
− Zs2
∂
∂s1
) (
V1 − V2
s1 − s2
)
= 0. (1.7)
Proof We introdue new oordinates s1, s2, suh that the quadrati parts of H,K (1.1,1.2)
are diagonal: Let s1, s2 be the roots of equations
Φ(s, q1, q2) = (B − bs)2 − (A− as)(C − cs) = 0, (1.8)
Then the anonial transformation
(q1, q2, p1, p2)→ (s1, s2, P1, P2) : p1 = −(
Φ1q1
Φ1s1
P1 +
Φ2q1
Φ2s2
P2), p2 = −(
Φ1q2
Φ1s1
P1 +
Φ2q2
Φ2s2
P2), (1.9)
2
where Φi = Φ(si, q1, q2) under onditions {H,K} = 0 transforms pairs (1.1),(1.2) to the form
H =
U1 − U2
s1 − s2 , K =
s2 U1 − s1 U2
s1 − s2 , (1.10)
where
U1 = S1(s1)P
2
1 + d˜P1 + e˜P2 + f˜ , U2 = S2(s1)P
2
2 + D˜P1 + E˜P2 + F˜ , (1.11)
where
Si(si) =
1
(Φiqi)
2
((asi − A)(Φiq1)2 + 2(bsi − B)Φiq1Φiq2 + (csi − C)(Φiq2)2) (1.12)
We alulate a Poisson braket between H and K. Then the oeient of P 21 , P
2
2 , P1P2
equal to zero i
d˜ = 2S1(s1)
∂F (s1, s2)
∂s1
, e˜ =
√
S1(s1)S2(s2)Zs1
(s1 − s2) , D˜ = −
√
S1(s1)S2(s2)Zs2
(s1 − s2) , E˜ = 2S2(s2)
∂F (s1, s2)
∂s2
where Z(s1, s2), F (s1, s2) - some funtions. and
Zs1,s2 =
Zs1 − Zs2
2(s2 − s1) (1.13)
We apply the anonial transformation
Pˆ1 = P1 +
∂F (s1, s2)
∂s1
, Pˆ2 = P2 +
∂F (s1, s2)
∂s2
to equate d˜, E˜ to zero. Then the oeient of P1, P2 equal to zero i U1, U2 have the form
as in formulation of Theorem 1. And nally the free oeient in Poisson braket equals to
zero i the equation (1.7) of the Theorem 1 is fullled just as expeted.
The general analytial solution of Euler - Darboux equation (1.6) has near the line of
singularities x = y the following expansion:
Z(x, y) = A + ln(x− y)B, A =
∞∑
0
ai(x+ y) (x− y)2i, B =
∞∑
0
bi(x+ y) (x− y)2i,
where a0 and a1 - some funtion. The other oeients an be expressed by these two
funtions and their derivatives. For example, b0 =
1
2
a′′0.
We insert this expantion into (1.7) to obtain B = 0. It is easy to hek that any solution
of the equation (1.6) with B = 0 has the form
Z(x, y) = z0 + δ(x+ y) + (x− y)2
∞∑
k=0
g(2k)(x+ y)
2(2k)k!(k + 1)!
(x− y)2k, (1.14)
where g(x) - some funtion and z0, δ - some onstants. We all the funtion g(x) as generating
funtion for (1.14). Without the loss of generality we hoose z0 = 0. The parameter δ, is very
important for lassiation of hamiltonians from Theorem 1.
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We nd all the funtions Z, orresponding the rational generating funtions g. Choosing
g(x) = xn, we obtain the innite set of polynomial solutions Z(n) for (1.6). In partiular
g(x) = 1 ⇐⇒ Z(0)(x, y) = (x− y)2
g(x) = x ⇐⇒ Z(1)(x, y) = (x+ y)(x− y)2,
g(x) = x2 ⇐⇒ Z(2)(x, y) = 1
4
(
(x− y)2 + 4(x+ y)2) (x− y)2.
All set an be obtained by using 'reating' operator
x2
∂
∂x
+ y2
∂
∂y
− 1
2
(x+ y),
ating on Z(0). The rational funtions g(x) = (x−µ)−n reate one more lass of exat solution
of equation (1.6). For example
gµ(x) =
1
4
1
x− 2µ ⇐⇒ Zµ(x, y) =
√
(µ− x)(µ− y) + 1
2
(x+ y)− µ.
The solution orresponding the poles of order n ≥ 2, an be obtained by dierentiating the
last formula by parameter µ. Beause funtion Z is linear by g we obtained the solution Z
with rational generating funtion g(x) =
∑
i cix
i +
∑
i,j dij(x− µi)−j.
Hypothesis 1. For all Hamiltonians (1.3)-(1.7) generating funtion g is rational and has
the form g(x) = P (x)
S(x)
, where P è S - some polynomials with degP < 5, degS < 6.
In papers [5, 6℄ the following solution of the system (1.6), (1.7) was onsidered:
Z(x, y) = x+ y, S1(x) = S2(x) =
6∑
i=0
cix
i,
f1(x) = f2(x) = −3
4
c6x
4 − 1
2
c5x
3 +
2∑
i=0
kix
i,
where ci, ki - some onstants. A very important fat is that Clebsh top and so(4)-Shottky-
Manakov top [8, 9, 10℄ are the partiular ases of this model [6℄. In paper [6℄ a full solution of
Hamilton - Jaobi equation of this model was obtained in the form of some kind of separation
of variables on a non-hyperellipti urve of genus 4.
2 Universal solution of Hamilton-Jaobi equation
Let H and K have the form (1.3)-(1.5). Consider system H = e1, K = e2, where ei - some
onstants. Let p1 = F1(x, y), p2 = F2(x, y) - be its solution. We use short notation x è y
orresponding q1 è q2. Jaobi's lemma gives that if {H, K} = 0, then ∂F1∂y = ∂F2∂x . To nd an
ation S(x, y, e1, e2), it is enough to solve the following system
∂
∂x
S = F1,
∂
∂y
S = F2.
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We rewrite the system H = e1, K = e2 in the form
p21 + ap2 + b = 0, p
2
2 + Ap1 +B = 0, (2.15)
where
a =
Zx
x− y
√
S2(y)
S1(x)
, A = − Zy
x− y
√
S1(x)
S2(y)
b = − Z
2
x
4(x− y)2 +
V1 − e1x+ e2
S1(x)
, B = − Z
2
y
4(x− y)2 +
V2 − e1y + e2
S2(y)
.
It easy to nd that
2by + Aax + 2aAx = 0, 2Aay + aAy + 2Bx = 0. (2.16)
Using (1.6) and (1.7), it is easy to obtain the following identity
Abx − aBy + 2Axb− 2ayB = 0. (2.17)
Using a standard tehnique of Lagrange resolvents (see f.e. [11℄), we rewrite system (2.15)
to a system
uv =
1
4
aA, (2.18)
Au3 + 4
b
a
u2v − 4B
A
uv2 − av3 = 0, (2.19)
that is equivalent to the qubi equation on u2. Let (uk, vk), k = 1, 2, 3 be the solutions of
(2.18), (2.19) suh that
u21 + u
2
2 + u
2
3 = −b, v21 + v22 + v23 = −B
u1u2u3 = −1
8
a2A, v1v2v3 = −1
8
A2a.
Then, formulas
p1 = u1 + u2 + u3, p2 = v1 + v2 + v3;
p1 = u3 − u1 − u2, p2 = v3 − v1 − v2;
p1 = u2 − u1 − u3, p2 = v2 − v1 − v3;
p1 = u1 − u2 − u3, p2 = v1 − v2 − v3
dene four solutions of (2.15). Consider the rst of them.
Lemma 1. For i = 1, 2, 3 following equations are fullled ∂ui
∂y
= ∂vi
∂x
.
Prove. Dierentiating equations (2.18) and (2.19) on x and y, we nd uy and vx as the
funtions on u and v. Then expressing v through u, we obtain that uy = vx is equivalent to
identities (2.16) and (2.17). 
Lemma 1 means, that in variables u1, u2, u3 we nd partiular separation variables.
Really S = S1 + S2 + S3, where S is the ation, and funtions Si dened from a system
∂
∂x
Si = ui,
∂
∂y
Si = vi.
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Let's
u =
1
2
Zx
x− y
√
y − ξ
x− ξ , v = −
1
2
Zy
x− y
√
x− ξ
y − ξ .
It easy to see that pair (u, v) for all ξ are a solution of (2.18). If Z is a solution of (1.6), then
∂u
∂y
= ∂v
∂x
. Using this fat we introdue a funtion σ(x, y, ξ) so that
∂σ
∂x
= u,
∂σ
∂y
= v.
In a ase of rational funtion g, orresponding funtion Z is expressed through quadrati
radials and the funtion σ an be obtained. Let's Y =
∂σ
∂ξ
.
After multipliation of expression (2.19) by expression
−2
√
S1(x)
√
S2(y)
√
x− ξ√y − ξ (x− y)
ZxZy
,
left side of (2.19) an be written in the form
− e2 + e1ξ + y − ξ
x− y
(
V1 − S1(x)Z
2
x
4(x− ξ)(x− y)
)
− x− ξ
x− y
(
V2 +
S2(y)Z
2
y
4(y − ξ)(x− y)
)
. (2.20)
Proposition 1. Let the expression (1.6), (1.7) be fullled . Then the expression (2.20)
is a funtion of Y and ξ variables only.
Prove. We assign the funtion (2.20) as Ψ(x, y, ξ). Consider Jaobian
J =
∂Ψ
∂x
∂Y
∂y
− ∂Ψ
∂y
∂Y
∂x
.
We hange
∂Y
∂y
and
∂Y
∂x
to
∂v
∂ξ
and
∂u
∂ξ
, respetevily, then Jaobian J equals to zero identially
taking into aount (1.6), (1.7). 
Due to Proposition 1, the relation Ψ(x, y, ξ) = 0 an be rewritten in the form φ(ξ, Y ) = 0.
One an nd the funtion φ by assuming y = x.
Equation φ(ξ, Y ) = 0 denes a urve, and the dierentials of this urve dene the funtion
of ation S.
We note ξk(x, y), where k = 1, 2, 3, the roots of ubi equation Ψ(x, y, ξ) = 0.
Theorem 2. The funtion of ation S has the form
S(x, y) =
3∑
k=1
(
σ(x, y, ξk)−
ξk∫
Y (ξ) dξ
)
, (2.21)
where Y (ξ) - alebrai funtion on the urve φ(ξ, Y ) = 0.
Prove. We obtain
∂
∂x
S(x, y) =
3∑
k=1
σx(x, y, ξk) +
3∑
k=1
{ σξ(x, y, ξk)− Y (ξk)}ξk,x =
3∑
k=1
uk = p1.
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Analogously
∂
∂y
S(x, y) = p2. 
3 Case of ubis
Consider a ase when the urve(2.20) an be written in the form φ˜(ξ, η) = 0 ⇔ φ(ξ, Y ),
so that points (ξ1, η1), (ξ2, η2), (ξ3, η3) lie on a straight line, that equivalent to denition
η = ξa(x, y) + b(x, y), its substitution into φ˜, gives a urve Ψ(x, y, ξ) = 0.
Formula (2.20) gives a urve in a new variables ξ, η −e2 + e1ξ + C2(ξ,η)C1(ξ,η) = 0, where
C1(ξ, η)→ 0 at x→ 0 or y → 0.
Using reversible urve equation C1(ξ, η) = 0→ η = f(ξ) using η, we nd the expressions
for a(x, y), b(x, y)
a(x, y) =
f(x)− f(y)
x− y , b(x, y) =
yf(x)− xf(y)
x− y
On the other hand the equivalene of the urve φ(ξ, Y ) = 0 è φ˜(ξ, η) = 0 gives
Yxηy = Yyηx ⇔ uξηy = vξηx ⇔ (ξ − y)Zxηy = (x− ξ)Zyηx,
or Z = Z(a), bx = −y ax, by = −x ay.
4 Examples
In this Setion we onsider all the pairs of Hamiltonians known at the moment (1.3)-(1.7).
4.1 Class 1
For the models of this lass
S1 = S2 = S, f1 = f2 = f. (4.22)
Theorem 3. Let
g =
G˜
S
, G˜ = G− δ
10
S ′, f = −4G˜
2
S
− 4δ
3
G˜′ − δ
2
12
S ′′,
where
S(x) = s5x
5 + s4x
4 + s3x
3 + s2x
2 + s1x+ s0, G(x) = g3x
3 + g2x
2 + g1x+ g0,
where si, gi, δ - some onstants. Then funtions S, f and funtion Z, orresponding (see. 1)
generation funtion g, fulll the systems (1.6), (1.7).
7
Remark. Parameter δ from Theorem 3 oinsides with parameter δ from (1.14). Consider
the ase δ = 0 in the formula (1.14), Then all pairs of Hamiltonians (1.3)-(1.7), (4.22), that
fulll this ondition are desribed by Theorem 3.
Consider a general ase
S(x) = s5(x− µ1)(x− µ2)(x− µ3)(x− µ4)(x− µ5),
where s5 6= 0 and all roots µi of polynomial S are distint. then the funtion Z has the form
Z(x, y) =
5∑
i=1
νi
√
(µi − x)(µi − y), (4.23)
where νi - some onstants. Coetients gi and δ are expressed through onstants νj from
(1.14). For example, 2δ = −∑ νi. Funtion f is dened by
f(x) = − 1
16
5∑
i=1
ν2i
S ′(µi)
x− µi + k1x+ k0,
where k1, k0 - some onstants.
Calulation for a funtion (4.23) gives
σ(x, y, ξ) = −1
2
5∑
i=1
νi log
√
x− ξ√y − µi +
√
y − ξ√x− µi√
x− y√µi − ξ
, (4.24)
Y =
1
4
N∑
i=1
νi
√
(x− µi)(y − µi)
(ξ − µi)
√
(x− ξ)(y − ξ) .
Algebrai urve has the form of hyperellipti urve of genus = 2
φ(Y, ξ) = S(ξ)Y 2 + f(ξ)− ξe1 + e2 = 0
Steklov top on so(4) [12℄ is a partiular ase of Theorem 3.
4.2 Class 2
Funtions Z for the models of this lass are the speial ases of the funtions Z of Class 1.
But this Class ontains muh more parameters them Theorem 3.
Suh funtions Z an be dened as the solutions of system
Zxy =
Zx − Zy
2(y − x) =
1
3
U(Z)ZxZy, (4.25)
where U - some funtions of one variable.
Remark. It easy to see that this lass of solutions of Euler - Darboux equation Zxy =
Zx−Zy
2(y−x) oinide with the lass of solutions of the form
Z = F
(
h(x)− h(y)
x− y
)
,
8
where F and h - some funtions of one variable and U = F ′′/F ′2.
Lemma. The system (4.25) is ompatible if and only if
U =
3
2
B′
B
, B(Z) = b2Z
2 + b1Z + b0,
where bi - some onstants.
In a ase deg B = 2
Z(x, y) =
√
(x− µ1)(y − µ1) +
√
(x− µ2)(y − µ2), (4.26)
where b2 = 1, b1 = 0, b0 = −(µ1 − µ2)2.
If deg B = 1, then
Z(x, y) =
√
x y +
1
2
(x+ y), (4.27)
b1 = 1, b2 = b0 = 0.
If deg B = 0, then
Z(x, y) = x+ y. (4.28)
1. Consider funtion Z of the form (4.26). Then
S(x) = (x− µ1)(x− µ2)P (x) + (x− µ1)3/2(x− µ2)3/2Q(x), degP ≤ 3, degQ ≤ 2,
è
f(x) = f0 + f1x+ k2(x− µ1)1/2(x− µ2)1/2 + (µ2 − µ1)
16
{ P (µ1)
x− µ1 −
P (µ2)
x− µ2
}
+
(µ2 − µ1)
32
(x− µ1)1/2(x− µ2)1/2
{Q(µ1)
x− µ1 −
Q(µ2)
x− µ2
}
.
In a ase when Q = 0, k2 = 0, These formulas oinside with orresponding formulas of Class
1. The funtions σ, Y are dened the same formula (4.24) as for Class 1 :
σ(x, y, ξ) = −1
2
2∑
i=1
log
√
x− ξ√y − µi +
√
y − ξ√x− µi√
x− y√µi − ξ
, Y =
1
4
2∑
i=1
√
(x− µi)(y − µi)
(ξ − µi)
√
(x− ξ)(y − ξ) .
Algebrai urve in this ase has the form
[SR(ξ) + ηSI(ξ)]Y
2 − [kR(ξ) + ηkI(ξ)] = 0, (4.29)
where
SR(x) = (x− µ1)(x− µ2)P (x), SI(x) = (x− µ1)(x− µ2)Q(x),
kR(x) = −e2 + e1x− f0 − f1x− (µ2 − µ1)
16
{ P (µ1)
x− µ1 −
P (µ2)
x− µ2
}
,
kI(x) = k2 − 1
32
(µ1 − µ2)2 − 1
16
(µ1 − µ2)
{Q(µ1)
x− µ1 −
Q(µ2)
x− µ2
}
,
1
η
=
1√
ξ − µ1
√
ξ − µ2
√
1− (µ1 − µ2)
2
16(ξ − µ1)2(ξ − µ2)2Y 2 .
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Expressing Y as a funtion of (ξ, η) and substituting to (4.29), we obtain 10-parameter
ubi in (ξ, η), variables.
So in a general ase the urve φ(Y, ξ) = 0, is a overing over an ellipti urve We obtain
η =
ξ − µ1√
x−µ1√
x−µ2 +
√
y−µ1√
y−µ2
+
ξ − µ2√
x−µ2√
x−µ1 +
√
y−µ2√
y−µ1
,
therefore points (ξ1, η1), (ξ2, η2), (ξ3, η3) lie on a straight line.
2. For the funtion Z of the form (4.27) we have
S(x) = xP (x) + x3/2Q(x), degP ≤ 3, degQ ≤ 2,
f(x) = − 1
16x
P (x)− 1
32
√
x
Q(x) + f1x+ fq
√
x+ f0.
The funtion Y is dened by Y =
ξ +
√
x
√
y
4ξ
√
x− ξ√y − ξ . The urve in this ase an be written
in the form (4.29), where
SR(x) = xP (x), SI(x) = xQ(x),
kR(x) = −e2 + e1x− f0 − f1x+ 1
16x
P (x), kI(x) =
1
16x
Q(x)− fq,
η =
4Y ξ3/2√
16Y 2ξ2 − 1 .
In (ξ, η) variables it also has the form of arbitrary ubi. Formula η =
ξ+
√
xy√
x+
√
y
gives the fat
that points (ξ1, η1), (ξ2, η2), (ξ3, η3) lie on a straight line
3. For the funtion Z, given by (4.28), we obtain
S(x) = s6x
6 + s5x
5 + s4x
4 + s3x
3 + s2x
2 + s1x+ s0,
f(x) = − 1
40
S ′′(x)− 1
32
√
x
Q(x) + f2x
2 + f1x+ f0.
In this ase Y =
1
2
√
x− ξ√y − ξ . Algebrai urve
S(ξ)Y 6 − F (ξ)Y 4 −
(1
8
F ′′(ξ) +
7
1920
SIV (ξ)− k2
2
)
Y 2 − s6
64
= 0, F (ξ) = −e2 + e1ξ − f(ξ)
and in (ξ, η), variables where η = ξ2 − 1
4Y 2
, has the form of arbitrary ubi. Beause
η = ξ(x+ y)− xy, points (ξ1, η1), (ξ2, η2), (ξ3, η3) belong to a straight line.
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4.3 Class 3
We introdue 'non-symmetrial Hamiltonian (1.3)-(1.7) if S1(x) 6= S2(x), or f1(x) 6=
f2(x).
Theorem 4. [7℄ In non-symmetrial ase the funtions Z, Si, fi is the solutions of (1.6),
(1.7) if and only if
δ = 0, g =
1
H
, S1,2 = W H ±MH3/2, f1,2 = −4W
H
∓ 2MH−1/2 ± aH1/2,
where g - generation funtion of Z,
W (x) = w3x
3 + w2x
2 + w1x+ w0, H(x) = h2x
2 + h1x+ h0,
M(x) = m2x
2 +m1x+m0.
Here wi, hi, mi, a - some onstants.
Consider the general ase H(x) = (x−µ1)(x−µ2). Algebrai urve in this ase is dened
by
Ψ(ξ, Y ) = −e2 + e1ξ − RW (ξ)
2(ξ − µ1)(ξ − µ2)(µ2 − µ1)+
4M(ξ)
√
2Y
√
ξ − µ1
√
ξ − µ2
(µ2 − µ1)3/2
√
R + 8b
√
2Y
(ξ − µ1)3/2(ξ − µ2)3/2√
R
√
µ2 − µ1
= 0,
(4.30)
where
Y =
√
(x− µ1)(y − µ1)
(ξ − µ1)
√
(x− ξ)(y − ξ)−
√
(x− µ2)(y − µ2)
(ξ − µ2)
√
(x− ξ)(y − ξ) , R = 16(ξ−µ1)
2(ξ−µ2)2Y 2−(µ1−µ2)2.
Substituting
Y =
1
4
(µ1 − µ2) 32 η
(ξ − µ2)(ξ − µ1)
√
η2(µ2 − µ1)− 8(ξ − µ1)(ξ − µ2)
into (4.30), We obtain the ubi in variables (ξ, η) with a full set of ten independent
parameters. It easy to see that η = a(x, y)ξ + b(x, y), where a, b - some funtions.
Therefore in the ases of Class 2 and 3 the algebrai urve is non-hyperellipti overing
over the ellipti urve. The dynamis of the points (ξ1, Y1), (ξ2, Y2), (ξ3, Y3) on this urve (see.
theorem 2) denes the following ondition: their projetion on the ellipti base (ξ1, η1), (ξ2, η2), (ξ3, η3)
lies on the straight line.
Hypothesis 2. Any pair of the Hamiltonians (1.3)-(1.7) belongs to one of above three
lasses.
5 Appendix 1. Steklov top
We show that the ase of Steklov top on so(4) is a partiular ase of Class 1 after restrition
on the sympleti leafs. Hamiltonian and the additional integral in this ase have the form
H = (~S1, A~S1) + (~S1, B~S2), K = (~S1, A¯~S1) + (~S1, B¯~S2),
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where
A = −α2 diag( 1
α21
,
1
α22
,
1
α23
), B = α diag(α1, α2, α3),
A¯ = −diag(α21, α22, α23), B¯ = α diag(
1
α1
,
1
α2
,
1
α3
),
α = α1α2α3. Here ~Si - three-dimensional vetors with omponents S
α
i . It is easy to see that,
H and K ommute under a spin Poisson braket
{Sαi , Sβj } = κ εαβγδij Sγi .
It is onvenient to hose κ = −2i.
We x the Casimirs for spin braket: (~Sk,
~Sk) = j
2
k , k = 1, 2. Then the formulas
~Sk = πk ~K(Qk) +
jk
2
~K′(Qk), ãäå ~K(Q) = ((Q
2 − 1), i(Q2 + 1), 2Q),
dene the Darboux oordinate π1, π2, Q1, Q2 for the simpleti leaf of Poisson manifold
with oordinates
~Sk, k = 1, 2. As this transformation is linear by momenta πk, as a result,
we obtain a pair of ommuting Hamiltonians quadrati in momenta under the braket
{πα, Qβ} = δαβ. Consider the anonial transformation that transforms their pair to the
form (1.3)-(1.5), (4.22).
We apply the anonial transformation
P1 = π1
√
r(Q1), P2 = π2
√
R(Q2), dX =
dQ1√
r(Q1)
, dY =
dQ2√
R(Q2)
,
where
r(Q1) = (~K(Q1), A~K(Q1)), R(Q2) = (~K(Q2), A¯~K(Q2)),
to obtain
H = P 21 + 2P1P2V + j2P1VY + j1P2VX +
1
2
j1j2VX,Y +
j21
6
(g′′1(X)
g1(X)
− 3
2
(
g′1(X)
g1(X)
)2
)
,
K = P 22 + 2P1P2W + j2P1WY + j1P2WX +
1
2
j1j2WX,Y +
j22
6
(g′′2(Y )
g2(Y )
− 3
2
(
g′2(Y )
g2(Y )
)2
)
.
where
V (X, Y ) =
(~K(Q1), B ~K(Q2))√
r(q1)
√
R(Q2)
, W (X, Y ) =
(~K(Q1), B¯ ~K(Q2))√
r(Q1)
√
R(Q2)
,
g1(X) =
√
r(Q1), g2(Y ) =
√
R(Q2).
We apply the anonial transformation (P1, P2, X, Y )→ (p1, p2, x, y) of the form
dX =
1
2
( dx√
S(x)
+
dy√
yS(y)
)
, dY = −1
2
( dx√
xS(x)
+
dy√
S(y)
)
,
P1 =
2√
x−√y
[(
p1 − j1 + j2
4(x− y)
√
y
x
)√
S(x)−
(
p2 +
j1 + j2
4(x− y)
√
x
y
)√
S(y)
]
,
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P2 =
2√
x−√y
[(
p1 − j1 + j2
4(x− y)
√
y
x
)√
y S(x)−
(
p2 +
j1 + j2
4(x− y)
√
x
y
)√
xS(y)
]
,
to obtain (1.3)-(1.5), (4.22), where
S(x) = −4 x(1 + α21x)(1 + α22x)(1 + α23x), Z(x, y) = −
1
2
j1(x+ y)− j2√xy,
f(x) =
1
4
(
j21α
2x2 +
j22
x
)
− j22
1
4
α2
( 1
α21
+
1
α22
+
1
α23
)
x.
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